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Motivation
We consider the initial-boundary value problem

du— Au =0 inQ=(0,1)3 ¢t>0,
u(z,t) =0 onT'=0Q, t>0,
u(z,0) = up(x) in Q.

Seven-point stencil on a uniform grid involving n; interior grid points in
each Cartesian direction yields VP

u'(t) = Au(t), t>0,
u(0) = uy,
with n x n matrix A (n = n}) and an initial vector g consisting of the
values ug(z) at the grid points z, the solution of which is given by
u(t) = exp(tA)ug.
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Define Krylov space of order m

Hm(A, b) =span{b, Ab,..., A" 'b}.

v

There exists an invariance index L such that J#7,_1 C %1 = Hp41.
> H 2 P for m < L.

The minimal polynomial ¥ 4 of b with respect to A has degree L.

v

v

The exact solution exp(tA)b is contained in J#7,.

Approximation methods can be characterized by an m-dimensional
approximation space %, and the way how approximations are extracted
from ¥,,.
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Method 1 (SLDM)
Space: Approximate exp(tA)b in ¥, = .

Extraction: Rayleigh-Ritz extraction
Fm(t) = Vi (t V5 AVin) Vi b,

where V,,, is ONB-basis of ./7;,.

There holds
Fn(t) = Wi f(1©,,) W, b,

where the columns of W,,, = [wy,..., wy,] are orthonormal Ritz vectors
and ©,, = diag(fy,...,0,,) associated Ritz values from 7.

Let A= UAU* be a spectral decomposition for A, U = [ug,..., u,]
and A = diag(A1,...,An). Then

Motivation

F(t) = f(tA)b = UF(tA) U*b.
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Error in direction u;:
[ui (F(8) = Frn ()] = [f(EA)u; b — uf Wi f(t©,,) W b.

How close are w1, ..., w,, to some of A’s eigenvectors w1, ..., u,?
(Enumerate A's eigenvalues/vectors s.t. \; is closest to §;.)

Approximation quality of eigenvalues/vectors determined by
» spread/gap ratio (van den Eshof/Hochbruck), e.g.,

An — A1
A2 — M\

» constrained equilibrium problem on the spectral interval of A.
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Method 2 (shift-invert)
Space: Approximate exp(tA)b in ¥, = . (] — A)~L, b).
Extraction: Back-transform T,

Fn(t) = Vinf(t (v = T;1) Vb,
where V., is an orthonormal basis of 7, satisfying

(I—yA) "V = Voo Ton + g1 tmr1,mek.

Note: The Rayleigh quotient of A is

VEAV,, = (v — T8 — Vi Avpiitmermel Tt
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Figure: Heat equation n = 15% = 3,375, t = 0.1, v = 1.
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Figure: Heat equation n = 31> =29,791, t = 0.1, y = 1.
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Figure: Heat equation n = 63 = 250,047, t = 0.1, v = 1.
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Shift-invert Lanczos can be interpreted as SLDM for the transformed
function f(z) = f(t(y — 1/2)) and the spectrally transformed matrix
A= (nI— A1

This transforms eigenvalues, but not eigenvectors.

The convergence of Ritz values depends on the eigenvalue distribution of
A and A, respectively.
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Figure: Eigenvalue distribution of A for n = 15% = 3, 375.
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Figure: Eigenvalue distribution of (yI — A)™! for n = 15% = 3,375, v = 1.
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Figure: Ritz values approximating eigenvalues for SLDM and shift-invert.
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Figure: Ritz values approximating eigenvalues for shift-invert.
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Figure: Simple error bound on the basis of converged right-most Ritz values.
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Idea: In standard Krylov methods the matrix function g(A4) = A is
applied in each step to build up a Krylov space.

In rational Krylov methods the matrix function g(A) = (yI — A)~lis
applied in each step to build up a Krylov space.

Use many applications of g(A)x on vectors to approximate the action of
a more complicated function f(A) on b.

Maybe we could benefit from progress made for the solution of linear
systems by displacing iteration work to the linear system solver.

Motivation

Rational Krylov Methods, Stefan Giittel



What do you mean
that you outsourced
our job to the solver?

4 M.V. Product
A. N. Krylov
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Rational Krylov spaces

Definition
Let ¢,,—1 be a polynomial of degree m — 1 which is nonzero at all

eigenvalues of A. Then ¥, = [gm_1(A4)] 1, (A, b) is the rational
Krylov space of order m associated with A, b, and ¢, 1.

Basic facts:
> [mel(A)]_ljifm(/L b) = L%/m(Aa [qul(A)]_lb) = gszl/mel-
» dim ¥, = min{m, L}.
> qj/m g AI/L = J{//L
> f(A)be .

Rational Krylov spaces
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For two polynomials p and ¢ define

2(2) © gl2) = i F \I/A,b(Cg : ;I/A,b(z) szfi)f((g))

dc.

p© q € L1 is the Hermite-interpolating polynomial for pq at the
nodes W 4 3.

Structural result

There holds
[Qm—l(A)]ilxm(Aa b) = (A]@ ym—la

where @ is a polynomial such that [g,,—1(4)]7! = §(A).

Rational Krylov spaces
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Representation result

For every m-dimensional subspace ¥;, C J¢1,(A4, b) with a Lagrange basis
there exists a polynomial ¢ € &1, such that

QQ'@m—l gAi/m

Question: Is every m-dimensional subspace ¥, C J#1,(A4, b) a rational
Krylov space [gm—1(A)] " (A, b)?

Necessary: b € ¥;,,.

Answer: No. For U4 ,(z) = 2 and ¥;, = span{b, A2b} there exists no §
such that §© Z,,,_1 = ¥,,.

Rational Krylov spaces
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Rational Krylov decompositions

For an ordered set of poles o = (01,...,0m-1) C C and scale factors
w=(p1,...,tm—1) C C, define continuation matrices

C; = (pjo;A—I)(o;l — A~ (G=1,....m—1)
and the rational Krylov space
Hpo(A,b) :=span{b, C1b,..., Cp_1--- C1b}.

We will always assume that none of the poles ¢; € C coincides with an
eigenvalue of A and that o; # u372 forj=1,...,m—1 (in particular, we
require o; # 0 if p; = 00).

Rational Krylov decomy
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An elementary calculation shows that every v € 7, » is of the form

v =

Sy (o A=1) - (o A = I)(ojpa T = A) - (om—1] = A) b
(o1 I—A) (o1l —A) ’

and therefore

1
VE G = A) (o =) A b)

Hence,
Ko (A, 6) (g1 (A)) 7 A (A, b)

with ¢,—1(2) = (61 — 2) -+ (Om—1 — 2).

Equality?

Rational Krylov decomy
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We have %}, o = [gm—1(A)] 14, iff the polynomials po, ..., Pm—1
defined by their zeros

Po * 01,02,03;,...,0m—1
J 4 1//1,10'1,0'2,0'37 <oy Om—1

p2 ¢ /o, 1/ peo2, 03, 0m—1

Pm—2  U/por, 1/ peo2,1/p303,...,0m—1
Pm—1 : 1/pio1,1/p209,1/ps303, ... 1/ iy 10m—1,

satisfy
po(1/p1o1) #0,p1(1/p202) 0, p—2(1/ptm—10m—1) # 0,

and 1 (0m_1) # 0.

Rational Krylov decomy
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The following algorithm constructs an orthonormal basis of 7}, o:

Algorithm 1: RKS algorithm.
Given: A, b, u, o

vy := b/[|b]|
forj=1,2,...,m—1do

w = (074 = I)(o;] — A) " w;
fori=1,2,...,5 do

hi,j = v;"w

w . =w — vihi,j
end
hjv1g = [l

Vi1 o= w/hjt
end

Rational Krylov decomy

Rational Krylov Methods, Stefan Giittel



Resulting decomposition

(e [ H g | v s %)

where

Vin = [v1,.-., V),

H,, := [hi;] m x m—1 upper Hessenberg matrix,

Mm—l

diag(,ul, s 7/’Lm—1)~

Let further S,,_1 := dia (01, ey Ome1)-
Then S,,_1 =: S‘ 1D,,~ ; such that all entries in S,,_1 are finite.

Rational Krylov decomy
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Special cases of Rational Krylov methods:
1. Standard Arnoldi: = (1,1,...,1), o = (00,00,...,00).
2. Extended Krylov: p = (1,0,1,0,...), 0 = (00,0, 00,0,...).
3. Shift-invert: u = (0,0,...,0), o = (v,7,...,7).

In cases 1. and 2. the Rayleigh coefficient V} AV}, can be computed
without explicit projection. In the general case it is useful to set g, = co
and to perform one more step of the RKS algorithm
[Beckermann/Reichel]. Then

Vi AV, = (T ) Hy 1 8 + Do) ([Hon D1, 0] + My 8) ™

Rational Krylov decomy
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We can recover a basis of the standard Krylov space 7, from V,, as
W = gm—1(A) V. One can show

Lemma

With W, == Wy ([HimDin—1,0] + M;,S,) we have

Wi AW, = ((HpDp1,0] + M)~ ([Iiny O] Hy15m + D) +ceX,
where ¢ := Ghmi1.m(Wiwm1).

As G,, — 0 we obtain a Rayleigh coefficient for a standard Krylov space

and with it the standard Ritz values.

Rational Krylov decomy
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Rayleigh-Ritz approximation

Lemma (Exactness)

Let [q(A)] 71 #m(A, b) be a rational Krylov space of dimension m and let
V. be a basis of it. Then for K,, := VTEAVm and every rational function
r of the form r = p/q (p € P,_1) there holds r(A)b = V,,r(K,,) Vi b.

Proof: Since [q(A)] 71 (A, b) = (A, [q(A)]71b),

p(A)[q(A)] 7 b = Vyup(Kp) Vi [q(A)] 71 for all p € 2, 1 (standard
Krylov). Particulary, ¢ has degree < m — 1 and hence V,\ b =
VEa(A)[a(A)] 1o = Vi Vina(K) Vi [a(A)] 710 = q(K) Vi[g(A)] b
proving [¢(K,,)] "1 Vi b = Vi [q(A)]~1b. Now, r(A)b =

p(A)g(A)] 71 = Viup(Kin) Vi [a(A)] b = Viup(Kon)[a(Kin)] 7 VD

Rayleigh-Ritz approxim:
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Lemma (Interpolation)

Let ¢ := [q(A)]~'b and V,, be a basis of

[¢(A)] "1 A0 (A,b) = A (A, e), Ky, i= Vi AV,,,. Then
me(Km) V'r];zb = Vm}(Km) V;lc = f’m—l(A)ca

where f := ¢ - f and Pp,_1 is a polynomial of degree m — 1 that
Hermite-interpolates f at A(K,,).

Proof: To prove the first equality, note that deg g < m — 1 and

q(A)c = b. By Lemma (Exactness) there holds b = V,,,q(K,,) Vi c. The
second equality results from interpolation properties of standard Krylov
methods.

Rayleigh-Ritz approxim:
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Let w,, denote the characteristic polynomial of K, and let I be a
contour containing A(K,,) in its interior int(T"). Furthermore f is
assumed to be analytic in int(T") (and so is f). Then the polynomial
Pm—1 can be expressed using Hermite's formula

~ B i W () — wm(2) 5

and for the interpolation error

~ 5 _ i wm(z) ~
F&) = sl = 5 [ s ST de

Rayleigh-Ritz approxim:
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Dividing this equation by ¢(z) and setting s,,(2) := q(2)/wm(z) we
obtain

1) = bna)ae) = 5 [ — 2 pi0) ac

Using Lemma (Interpolation) we have the following representation for the
error of a Rayleigh-Ritz approximation

Fb= Vs () Vb = (57 [ €= )50 (1) d ) )] 0

T

Aim: Choose ¢(z) such that s,,(z) = q(z)/wm(2) is as large as possible
on A(A) and as small as possible on T.

Rayleigh-Ritz approxim:
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Lemma (Optimality)

Let A be normal and [q(A)]~1.#,.(A, b) be a rational Krylov space of
dimension m and let V,, be a basis of it. Let K,,, := VLAVm and
0 :=A(A) UA(K,,). Then

1£(A)b = Vinf (Kon) VB < 200 min smax [F(N) = p(0)/ 4N

Aim: Choose poles ¢(z) such that there exists a rational function
p(2)/q(z) which is close to f on .

Rayleigh-Ritz approxim:
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Orthogonal rational functions

Consider a sequence of orthonormal basis vectors vy, ..., v,, of a rational
Krylov space [q(A)] =%, (A, b). There exist polynomials p1, ..., p,, of
(not necessarily ascending) degree m — 1 such that

v; = pi(A)g(A)] 716 = ry(A)b (r; := p;/q, 5= L,....m). Let

A= UAU* be normal, U*U = I. Then

8.k = (15(A)b, 1(A)b)a = (r5(A)U"b, (M) U"b), = (7(2), 1(2))u

where
n

(rj(2), me(2))p = Z ri(Ai)re(\i) [e] U*b|>.

i=1
Hence, the 7; are orthonormal rational functions with respect to the inner
product (-,-),.

Orthogonal rational fun
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On the other hand, the following interpretation is also possible

07,5 = (r;(A) b, 1,(A) b)a = ((p;/ @) (M) U b, (pr/ @) (M) U™ b)y = (D Pk},

where

(pj(2), ij ()\i>|_2|eiTU*b|2'

Orthogonal rational fun
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Outlook

v

Useful results from the theory of orthogonal rational functions
available?

v

Study convergence of Ritz values of spectrally transformed matrices.

v

Error bounds/indicators.

v

Implementation issues, shifted MG methods and direct solvers.
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