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A GENERALIZATION OF THE STEEPEST DESCENT METHOD FOR MATRIX
FUNCTIONS

M. AFANASJEWY M. EIERMANNY O. G. ERNST AND S. GUTTELY
In memory of Gene Golub

Abstract. We consider the special case of the restarted Arnoldi metbodpproximating the product of a
function of a Hermitian matrix with a vector which results evhthe restart length is set to one. When applied
to the solution of a linear system of equations, this apgraaincides with the method of steepest descent. We
show that the method is equivalent to an interpolation pe@e which the node sequence has at most two points of
accumulation. This knowledge is used to quantify the asgtigpptonvergence rate.
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1. Introduction. To evaluate the expressidr{A)b for a matrixA 2 C" ", a vector
b 2 C"and afunctiorf : C D! C suchthaf (A) is de ned, approximations based on
Krylov subspaces have recently regained new attentioicaifp for the case wheA is large
and sparse or structured. I8] we proposed a technique for restarting the Krylov subspace
approximation which permits the calculation to proceedagsi xed number of vectors (and
hence storage) in the non-Hermitian case and avoids thé@ulisecond Krylov subspace
generation phase in the Hermitian case. The method is basedsequence of standard
Arnoldi decompositions

AVj = ViHj + jaVinsen: | =1;2:00k

with respect to them-dimensional Krylov subspacesm, (A;V(j 1ym+1), Wherevy =
b=kbk. Alternatively, we write

AV = BB+ ot Viem 1 €0 5
where®, :=[V1V, V]2 Cn km,
2 3
WK:Z§E2 |_-|_2 . EZCkm kmoEj = jelel 2R™ M =2;0k
| EI; Hik
The approximation té (A)b associated with this Arnoldi-like decomposition is given b
fi 1= kbk®f (B )er

(cf. [6] or [1] for algorithms to computdy) and we refer to this approach as the restarted
Arnoldi method with restart lengtim.
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The convergence analysis of the sequdtigg is greatly facilitated by the fact (see, e.g.,
[6, Theorem 2.4]) that

fk = pm  2(A)b;

wherepkm 12 Pkm 1 iSthe unique polynomial of degree at mkst 1 which interpolates
f at the eigenvalues ¥y (i.e., at the eigenvalues &f;, ] = 1;2;:::;k) in the Hermite
sense. Convergence results for the restarted Arnoldi appation can be obtained if we are
able to answer the following two questions:

1. Where in the complex plane i 1), the spectrum o, located?
2. For which 2 C do the interpolation polynomials df (with nodal set( #?k))
converge td ( )?

We shall address these issues for the simplest form of thexse obtained for a restart length
of m = 1, in which case all Hessenberg matri¢ésarel 1 andHy is lower bidiagonal.
We refer to this method as theethod of steepest descent for matrix functi@msl we shall
present it in greater detail and derive some of its propeitieSection2. In particular, we
shall show that, when applied to the functiof ) = 1=, it reduces to the classicalethod
of steepest descefur the solution ofAx = b, at least ifA is Hermitian positive de nite.

Although not competitive for the practical solution of ssis of linear equations, this
method has highly interesting mathematical propertiesaaramarkable history: More than
100 years after Cauch@]introduced it, Forsythe and Motzkid ] noticed in numerical ex-
periments (see als@]) that the associated error vectors are asymptoticallyesli combina-
tion of the eigenvectors belonging to the smallest and &rgigenvalue of\, an observation
also made by Stiefel (Stiefel's cage, sé&€]) in the context of relaxation methods. Forsythe
and Motzkin also saw that the sequence of error vectors ysriptotically of period 2”. They
were able to prove this statement for problems of dimensien3 and conjectured that it
holds for alln [10]. It was Akaike ] who rst proved this conjecture in 1959. He rephrased
the problem in terms of probability distributions and expéal the observations oL, 10]
completely. Later, in 1968, Forsyth8][reconsidered the problem and found a different
proof (essentially based on orthogonal polynomials) wigeheralizes most (but not all) of
Akaike's results from the case of = 1 (method of steepest descent) to the casmof 1
(m-dimensional optimum gradient method).

Drawing on Akaike's ideas we investigate the rst of the tweegtions mentioned above
in Section3. Under the assumption that is Hermitian we shall see that, in the case of
m = 1, the eigenvalues By asymptotically alternate between two valuesand ,. Our
proofs rely solely on techniques from linear algebra andatause any concepts from prob-
ability theory. We decided to sketch in addition Akaike'sgimal proof in Sectiont because
his techniques are highly interesting and hardly known yoda almost any textbook, the
convergence of the method of steepest descent is provem Kaimtorovich's inequality; see,
e.g., [7, x70], [12, Theorem 5.35] or]5, x5.3.1]. Such a proof is short and elegant (and also
gives the asymptotic rate of convergence, at least in a veais#-sense) but does not reveal
the peculiar way in which the errors tend to zero.

Having answered the rst of the above two questions we stttk the second in Sec-
tion 5. We have to consider polynomial interpolation processsedthzasymptotically, on just
two nodes ; and , repeated cyclically. We shall use Walsh's theot,[Chapter 1lI] on
the polynomial interpolation of analytic functions withite singularities, which we comple-
ment by a convergence result for the interpolation of a ad&ntire functions. Putting the
pieces together we shall see thatifs Hermitian, the method of steepest descent for matrix
functions converges (or diverges) geometrically whdmas nite singularities, i.e., the error
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in stepk behaves asymptotically a&, where is determined by the eigenvaluesAf the
vectorb and the singularities of . For the functionf ( ) = exp( ), the errors behave
asymptotically ask k=k!, where depends on the eigenvaluesfofind on the vectds, i.e.,
we observe superlinear convergence.

Finally, in Section6 we show why it is so dif cult to determine the precise valuéshe
nodes ; and ,. For a simple example we reveal the complicated relatigriseiween these
nodes on the one hand and the eigenvalues ahd the components of the vectoion the
other.

2. Restart length one and the method of steepest descent foratnix functions. We
consider a restarted Krylov subspace method for the appiadion off (A)b with shortest
possible restart length, i.e., based on a succession adiomensional Krylov subspaces. The
restarted Arnoldi method with unit restart length given ilg@érithm 1 generates (generally
non-orthogonal) bases of the sequence of Krylov spg€#,; b), k L, whereL denotes
the invariance index of this Krylov sequence. Note thatrfoi= 1 restarting and truncat-
ing are equivalent and that this algorithm is therefore alsancomplete orthogonalization
process with truncation parametar= 1; see [L5, x6.4.2].

Algorithm 1: Restarted Arnoldi process with unit restart length.
Given: A; b
1= kbk, vi:= b=,
fork=1;2;::: do
w = Avg
k= viw
W
k+1
Vik+1

k Vk
kw k

W= k+1

I
LTS

Here and in the sequek k denotes the Euclidean norm. Obviously.; = 0 if and
only if v is an eigenvector oA. Sincevy is a multiple of (A k 1l)vk 1, this can
only happen if alreadyy 1 is an eigenvector of and, by induction, if already the initial
vectorb is an eigenvector oA. In this case, Algorithni terminates in the rst step and
f(A)b=1f( 1)b= 1f ( 1)vi. We may therefore assume that> O for all k.

Algorithm 1 generates the Arnoldi-like decomposition

(2.1) AVi = Vis1 B = VB + ka1 Vics1 €
with Vi :=[vy vz vi] 2 C" X, the lower bidiagonal matrices
2 3
2
B = 3 2 ck*D k. B =1, 0|8 2 Ck K
k
k+1

ande, 2 R¥ denoting thek-th unit coordinate vector. The matricBg = By (A; b) will
play a crucial role in our analysis where the following ohuddnvariance properties will be
helpful.
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LEMMA 2.1. For the bidiagonal matrice8y = B (A; b) of (2.1) generated by Algo-
rithm 1 with dataA andb, there holds:
1.

1

2
2 2
Bk(A;b)ZE . . z; 60:
Jik o«
In particular, for > 0, there holdBy( A; b) = B «(A; b).
2. Bk(A I; b)= Bx(A;b) I for 2C.
3. Bk(Q" AQ; Q" b) = By (A; b) for unitaryQ 2 C™ M.
Given the Arnoldi-like decompositior2(1) resulting from the restarted Arnoldi process

with restart length one, the approximationfdf )b is de ned as

(2.2) fk = Wf(By)e;, k=1;2;:::;

with e; 2 RX denoting the rst unit coordinate vector. We state as a essult an explicit
representation of these approximants:
LEMMA 2.2.Let be aJordan curve which encloses the eld of valueA @ind thereby

also 1; 2;:::; k. Assume that is analytic in the interior of and extends continuously
to .Forr 2 Ngand™ 2 N, we denote by
4
g L f() ;
2i ( X w) o ( ar)
the divided difference df of orderr with respect to the nodes; -41;:::; ~+;. Then
I I
Xy ' '
fi = i v =g i v
r=1 j=1 j=1

Proof. A short proof is obtained using a result of Opitz3[: We havefy =
1Vkf (Bk)e: and Opitz showed that

2 o 3
1]
| 1f | Of
f(Bk)= D I 2f | 3f | 9f D!
I SR SR 1 of
e o diag 1o Q3 Qi : , : .

with D = diag 1; 2; [, ;i j= j . from which the assertion follows immedi-
ately. 0

The following convergence result is another immediate equence of the close con-
nection betweefi and certain interpolation processes; seelheorem 4.3.1].

THEOREM 2.3. LetW (A) := fvH Av : kvk = 1g denote the eld of values & and
let :=max; owa)j j be its diameter. Lt be analytic in (a neighborhood ofy (A)
and let > 0 be maximal such thét can be continued analytically t&/ = f 2 C :
min 2w (a) j< g.(ff isentire,weset =1 )
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If > thenlimy; fx = f (A)b and this convergence is at least linear.
Proof. We choos® < <  andaJordancurvesuchthat  min ,y a) ] j<
forevery 2 . Hermite's representation of the interpolation error

Z
@) 1O poa()= 5 o9

(see, e.g..q, Theorem 3.6.1]) gives, for 2 W (A),

JFC) pca()i G =

with the constan€; = lengti()max > jf ( )j=[2 min 5 . 2w (a)] i]. The assertion
follows from a result of Crouzeixd], who showed that

kf (A) pc 1(A)k Cp 2”\7%)”() pe 1());

with a constan€, 12 0

Note that Theoren2.3 holds for Arnoldi approximations of arbitrary restart Iémgand
also for its unrestarted variant). Note further that we gisviaave superlinear convergence if
f is an entire function; see als6,[Theorem 4.2].

We conclude this section by considering the speci c funcfi¢ ) = 1= . For a non-
singular matrixA, computingf (A)b is nothing but solving the linear systeAx = b. It
is known (cf. B, x4.1.1]) that the Arnoldi method with restart length = 1 is equivalent
to FOM(1) (restarted full orthogonalization method witlstaat length 1; se€lp, x6.4.1]) as
well as to IOM(1) (incomplete orthogonalization methodhwiituncation parameten = 1;
see [L5, x6.4.2]). If we chooséy = 0 as the initial approximation and express the approxi-
mantsf in terms of the residual vectorg := b Afy, there holds

fk="Tfk 1+( 12 OOTE Myve=f 1+ wri 1
where

o1 1 e
k= —= = ;
Kk VFAVk I‘F 1Ark 1

which is known as the method of steepest descent, at le&ssiHermitian positive de nite.

3. Asymptotics of By in the Hermitian case. The aim of this section is to show how
the entries of the bidiagonal matt in (2.1) behave for largé.

We rst consider a very special situation.

LEMMA 3.1. For a Hermitian matrixA 2 C" ", assume thab and thereforev; are
linear combinations of two (orthonormal) eigenvector\of

=p 1
V1 Z, +

P1+—jj2 1 P1+—jj2 21
whereAz; = z; (j =1;2), 1< andkzik= kzzk=1. Then, fork =1;2;:::, there
holds
\Y; =vi= p ! Z1+ P Z3;
2k 1 1 14 1+j j2 1 4 +j j2 2

o j
Vok = Vo= P -
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Proof. A straightforward calculation shows

Av vi= — 1 2 iz z
1 11 (1+jj2)3=211 1 2
and
v, = A1 1V1:hjjz+ 2
SRS Ty A TS TN
By the same token,
_ i1 2) .
and therefore
V3 = Ava 2V2 (za+ z2)= vy: O

kAvV> 2V2k: " 1+j j2

Another elementary calculation leads to the following fesu
COROLLARY 3.2. Under the assumptions of Lemr&d, the entries x and ¢+1 (K =
1;2;:::) of the bidiagonal matriceB are given by

% 1= 1+ ) 2
=1 )1+ 2 and

K+l = P @ )2 1)

with :=1=(1+j j?).
In an asymptotic sense CorollaBy2 covers the general casefifis Hermitian, which we
shall assume throughout the remainder of this section.

THEOREM 3.3. If A is Hermitian with extremal eigenvalues,, and max and if the
vectorb has nonzero components in the associated eigenvectonstiteee is a real number
2 (0; 1), which depends on the spectrumfofind onb, such that the entries, and y+1

(k=1;2;:::) of the bidiagonal matriceBy in (2.1) satisfy

li = in +(1 =
k!llm 2k 1 min ( ) max 1
lim =1 in + =,
k!ll 2k (p ) min max 23
lim ke = (1 ) ( max min ) =

k11

The proof of this result will be broken down into the followithree lemmas. It simpli es
if we assume thaA has only simple eigenvalues,

1< 2<% < ns n 2
otherwise we replaca by Ajy (A:by- BY Z1;22;11152Zy we denote corresponding normal-
ized eigenvectorsAz; = z;, kzjk = 1. We also assume, again without loss of gen-

erality, that the vectob and thereforev; have nonzero components in all eigenvectors:
zjH b 6 0forj =1;2:::;n. Next, we may assume that is diagonal (otherwise we
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if A is diagonal.)

In summary, for Hermitiam@A we may assume thak is a real diagonal matrix with
pairwise distinct diagonal entries and tlais a real vector with nonzero entries.

LEMMA 3.4.The sequenck g+1 k2N Of the subdiagonal entries & is bounded and
nondecreasing and thus convergent. Moreovery = +2 if and only ifvi andvyg., are
linearly dependent.

Proof. Boundedness of the sequericg.+1 gk2 n follows easily via

0 k+1 = k(A kl)vkk kK A Ik k Ak+j «j 2KAk:
Monotonicity is shown as follows:

k+1 = K(A  kl)vkk

= kv K k(A Kl )ka sincekvi+ k=1
= jvia (A k) Vi since s Visr = (A il )k
= jvi, (A )P v sinceA is Hermitian

= jVIELl (A ket | +( ke DD Vi
=i (A e DT v+ ( ka KVt Vi

= jvi (A wa DP v sincevy ? Vis1

k (A k+1 1 )Vk+1 kKkvik by the Cauchy-Schwarz inequality
= k(A k+1 | )Vk+1 k sincekvyk =1
= k2

Equality holds if and only if7x and(A  k+1 1 )Vk+1 = «k+2 Vk+2 are linearly dependeri.

LEMMA 3.5. Every accumulation point of the vector sequeheggk, ny generated by
Algorithm 1 is contained insparf z;; z, g, i.e., in the linear hull of the eigenvectors Af
associated with its extremal eigenvalues.

Proof. By the compactness of the unit spher€lh the sequence of unit vectdrg, gk N
must have at least one point of accumulation. Each such adation point is the limit of a
subsequenckvy g, for which, by Lemma3.4, the associated sequerfce, +; g converges,
and we denote its limit by . We conclude that for each accumulation paintthere holds

1 = kAup  (ul'Aup)uik = . Furthermore, one step of Algorithf starting with
an accumulation pointi; as the initial vector yields another accumulation paiat and
therefore also , = kAu, (Ui Auz)uzk = . Two steps of Algorithm 1 with initial
vectoru; thus result in the decomposition

. 3
u; Aug 0
A [upuz] =[ugupus]4 ujl Auy S;
0
and from the fact that, = 3 = we conclude using Lemma4thatu,; anduz must be
linearly dependent, i.eus = u; for some . We thus obtain
H
A [uguz] =[uzuz]As with Ay = MDA us Au, !

which means thagparf u;; u,gis anA-invariant subspace, which in turn is only possible if
sparfus;uzg=spanfz-;zyngforsomel “<m n.
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We note in passing th#&, = [u; u2]H A [uz uz] must be Hermitian—in fact, real and
symmetric—and that conseqqultly: 1 andugz = ug; cf. Lemma3.1
Expanding the vectong, = jnzl ik Zj generated by Algorithni in the orthonormal
eigenbasis oA, we note that, by our assumption that the initial vector ot cient in any
eigenvector, there holdg 1 6 0 forallj = 1;2;:::;n. Inaddition, sinceyx 2 ( 1; »)and
ik+1 = ik (j k)= k+1, We see thatqx and ..« are both nonzero for ak. For the
interior eigenvaluet J-gjnzz1 it may well happen thaty, = ; for somekq (cf. Sectiont for
examples), whereupon subsequent vectors of the seqfiepgenvill be de cientin z;, i.e.,
ik =0 forallk > k. It follows that, for the sequence considered above stariith an
accumulation pointi;, mx and -x must also be nonzero for &l
Assume now thatn < n and consider a subsequerfeg g converging tou; (without
loss of generalityyy, = vi). For ! 1 the Rayleigh quotientsy , being continuous
functions of the vectorsy , then converge to a limit contained {n-; ). Consequently,
n K > m k > Oforall sufciently large . Sincez?u; = 0 by assumption, we
further have
0= fim M = mi o @ Ikl
1 m;k m1 1 ] m k J

But this is impossible since none of the factors on the ritdrid side is zero and
k J5 m k ] > 1for all suf ciently large . In a similar way, the assumptidh< ~ is
also found to lead to a contradiction. O
LEmMMA 3.6. For the vector sequendevy gk n Of Algorithm1 there exist nonzero real
numbers and , 2+ 2=1,whichdepend on the spectrumffand onb, such that

kI‘ilm Vo 1= z1+ zp and kIlilm vk = sign )zt zn];

wheresign ) denotes the sign of the real number

Proof. We count the candidates for accumulation pointsf the sequencévyg. By
Lemma3.5 u 2 sparf z;;z,gand, sinc&kuk = 1, every accumulation point can be written
asu = z;+ z,with 2+ 2=1.Forevery vector of this form, there holds

KAu (u"Auuk?®= 22, )%= 21 (., )%

Since u is an accumulation point of the sequenfcgg, we have, as in the proof of
Lemma3.4 kAu (u" Au)uk=  ie.,

2(1 2) -
n 1
This equation has at most four solutionsvhich shows that there are at most eight points of
accumulation.
Assume now thaty is suf ciently close to such an accumulation poit = u; =
z3+ z,. Since all operations in Algorithrhare continuousyg+1 , for k suf ciently large,
will be arbitrarily close to

A (UFAU]_)U]_ .
= = +
kA (UFAUl)Ulk Slgl'( )[ a Zn]

(which is also an accumulation point b¥y g different fromu; since 6 0). Moreover,
Vk+2 Mmust then be close to

uz

A (ufAuy)u,
usz =

= = Z1+ Zy = Ug:
KA (Ul Auz)uzk vt
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Since we already know there are only nitely many accumolafoints off v, g, we conclude
that the sequendevy g must asymptotically alternate betweenandus,. 0
The assertion of Theoref3now follows by elementary calculations, e.g.,

; — i H — . H — H
Jm- o 1= fimovge AV 1= U AUL=( it Z0) A it Zn)

= 2 min * 2 max — min + (1 ) max;

where = 2,

4. Akaike's probability theory setting. Theorem3.3, the main result of the previous
section, is implicitly contained in Akaike's papez][from 1959. His proof is based on the
analysis of a transformation of probability measures: Awédl-known (see, e.g.,17]) a
Hermitian matrixA 2 C" " and any vectorv 2 C" of unit length give rise to a probability
measure onR, assigningto any séfi R the measure

z

X
(4.1) (M)=" w()d; w():= 12 ( i)
M i=1

where denotes the Dirac-function, 1 < 5 < < , are the eigenvalues & (we
assume again without loss of generality tAahasn simple eigenvalues) with corresponding
eigenvectorg; ,kzjk=1,j =1,2;:::;n, and where the weights are given!bS/: jsz vj2.
For a xed matrixA, this correspondence between unit vectorand probability measures
supported on( A) is essentially one-to-one (if we do not distinguish betwgeators

In this way, each basis vectog generated by the restarted Arnoldi process with unit restar
length (Algorithm1) induces a probability measurg whose support is a subset ¢fA).
The Lebesgue integral associated wihil) is given by

z 30 ,
FOw()d = 17 ( )
R J::I.
for any functionf de ned on ( A). In particular, the mean of,
z x
= w()d = 17;=v"Ay;
R J::I.
is the Rayleigh quotient of andA, and the variance of is given by
2 z 2 X 2 2 2
= R( yw()d = (g )7 = k(A vk
j=1

the squared norm of the vectdwv  (v™ Av)v. We now see that the (nonlinear) vector
transformation

Av  (VPAvV)v

kAv (VA Av)vk’

Vik+1 = TVvk;, where Tv =

underlying Algorithml can be rephrased as a transformation of probability messwa =
T «, where

z 2 z
4.2) (T M) := P — w()d; if (M)= Mw()d:
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As above, we assume that and thusvy, k 1, is not an eigenvector @&, which implies
that the support of ¢ consists of more than one point and therefoge= |, > 0. We
also remark that the transformatiof.Z) 7! T is not only well-de ned for probability
measures with nite support but for any probability measut®se rst and second moments
exist.
The crucial points in the proof of Theoredni3were to show that the subdiagonal entries

x of By, which we have now identi ed as the standard deviations,gfform a nondecreas-
ing sequence (see LemrBal) and that «+; =  can only hold ifvi is a linear combination
of two eigenvectors oA; see Lemm&.5 Akaike based his proof on explicit formulas for
the mean and variance of the transformed measure

4
1

r= o5 (0 )w()d
R

(cf. [2, Lemma 1]) and

z

2 = 2+i4c|et(M3); where M3 :=  ( Y+ iw( )d
R 0 kj 2

R -
isthe(3 3)-momentmatrix associatedwi(fig) = f( )g( )w( )d ;cf.[2, LemmaZ2].
SinceM 3 is positive semide nite it follows that 2 2, with equality holding if and only
if M3 is singular, which can only happen if the support afonsists of two points or less.

5. Convergence for functions of Hermitian matrices. As mentioned previously our
convergence analysis is based on the close connection éetrylov subspace methods
for approximating (A)b and polynomial interpolation; see, e.d5, Theorem 2.4]. For the
vectorsfy of (2.2), we have

fk = 1Vikf (Bi)er = pk 1(A)b;

wherepx 1 2 Py i interpolatest in the Hermite sense at the Rayleigh quotients=
ij Avj (j =1;2;:::,k). If Ais Hermitian there holds (see Theor&ng)

5.1 lim = and lim =
.1) kno k1To1 ko X 2

with two numbers ; and , both contained in the convex hull of A). In other words,
asymptotically, the restarted Arnoldi approximation fdfA)b with unit restart length is
equivalent to interpolating at just the two nodes; and , with increasing multiplicity.
Interpolation processes of such simple nature are wellngitoted. To formulate the conver-
gence results we need additional terminology: For O, we de ne the curves

(5.2) =f 2C:j 1i = 2g;

known aslemniscateswith foci ; and ,. If ; = , these reduce to concentric circles of

radius . Otherwise, if0 < < =] 4 ,j=2,  consists of two mutually exterior

analytic Jordan curves. Wher= g, we obtain what is known as thigernoulli lemniscate

for which these curves touch ét; + ,)=2, whereas for >  the lemniscate is a single

analytic Jordan curve. Obviously, its interimt  contains ; and , for every > 0,
int  forO < ,andevery 2 Cislocated on exactly one .

YLemniscates of polynomials of degr2ere also known a®vals of Cassini
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We rst assume that is analytic in (an open set containing) and , but not entire,
i.e., that it has nite singularities in the complex planeh€fe exists thus a unique > 0
such thaf is analyticinint , butnotinint forany > ¢,

(5.3) f =maxf :fisanalyticinint g:

THEOREM 5.1 (Walsh [L8, Theorems 3.4 and 3.6])Let the sequence;; ,;::: be
asymptotic to the sequence; ,; 1; »;:::inthe sense 0{5.1). Assume that is de ned
in all nodes 1; »;:::and letpx 1 2 Py 1 be the polynomial which interpolatds at

1; 2;:011; k. Thenlimyy  pc 1 = f uniformly on compact subsets ot . More
precisely, there holds

limsupjf () pe 1()j** — for 2int :
ki1l f

For 62nt , the sequencepc 1( )gk 1 diverges (unless is one of the nodes ).

It remains to investigate the convergence of the interpmigiolynomials iff is an entire
function. We here concentrate 6¢ ) = exp( ), 6 0, which among entire functions is
of the most practical interest. We remark, however, thatahewing argument applies to all
entire functions of ordet and typg j and can be generalized to arbitrary entire functions. We
further note that the following theorem could be easily deglfrom more general results of
Winiarski [19] or Rice [L4], but we prefer to present an elementary and self-contgineaf.

THEOREM5.2. Let the sequencey; »,;::: satisfy the assumptions of Theoréri and

letpx 1 2 Py 1 be the polynomial which interpolatég ) = exp( ) at 1; 2;:::; k.
Thenf px 19 converges td uniformly on compact subsets©f More precisely, there holds
h i

limsup kijf () pe 1()j** jjefor 2int ;
k!l

wheree = exp(1) .

Proof. We rst interpolatef ( ) = exp( ) at the nodes; and , repeated cyclically,
e, at 5 o 1 2 1,01 Bype 1 2 Pk 1 we denote the polynomial which interpolates
f atthe rstk points of this sequence, and fjy 2 P the corresponding nodal polynomial.
For 2int , Hermite's error formulaZ.3) implies

Z . .
17 qQep( ), X 17 g() !
f = 5 P d = — —_— d;
O PO 57 50 LTa a0
R i :
where > . Note that gtﬁ ; ——d isthe interpolation error for the functiag{ )= !
which vanishes foy =0;1;:::;k 1. Hence,
X i Z j
FC)Y e a()= o7 al)
it 2i G.( )
PN I B T UL
k!J,zO (k+j)2i g.()
and therefore,
. Sy KR 1 dength( ) - i
IFC) pe 10T ad )JW_ T2 dst ;) maxj | fgaxm ;
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where we usell!=(k+j)!  1=j!. Assume thak is even, them ( ) = [( (G

and thusjg ( )j K. We further sefC; := max » | j (for 11 ), C, =
max 1111% 1(for !'1 )andCs:= %% 1(for '1 ). Now,

KFC) P ()i 4 C572Ca exp( jCa):

Using Stirling's formulak! P 2k (k=ek (fork ! 1 ), and taking thé-th root we obtain
h i

. . 1= N
(5.4) imsup kjf () P 1 i jje Gy
which is valid for every > . SinceC, ! 1for ! 1 we arrived at the desired

conclusion, at least if the two nodeg and , are cyclically repeated. A minor modi cation
shows that this inequality holds also for okid
It remains to show that5(4) is valid if we interpolatef ( ) = exp( ) in nodes
1, 2, 3;.::satisfying 6.1). We use again a result of Walshd, x3.5], who proved that

P A=K = i 1=k
Imjc D 2 (W= lim g
uniformly on any compact set that does not contain one of tues 1; 2; 3;:::, which,
together with 2.3), completes the proof. 0O
Now all that remains is to translate the preceding interjmmaresults to the matrix set-
ting. Introducing the quantity

a=inff o (A it gEmaxfi( ) i 2 (A

we are now in position to formulate our main result.

THEOREM 5.3. Let A be Hermitian and lef denote a function which is analytic in a
neighborhood of the spectral intervilmin ; max ] Of A. For the approximant$, generated
by the Arnoldi method with unit restart length and initialcter b, there holds:

If f possesses nite singularities, then

limsupkf (A)b  fe k=K 2,
k11 f

where ¢ is de ned by(5.3).
Iff( )=exp( ), 60,then
h i
limsup kkf (A)b f k'™ Aj je
k!l

Proof. SinceA is Hermitian, i.e., normal, there holds

kf (A)b  fik gn(e%jf() P« 1( )ikbk:

Now Theorem$.1and5.2imply the desired conclusion. O

We next derive a necessary and suf cient condition for theveogence of the method
of steepest descent. As before, we expancttte basis vectovy generatgd by the Arnoldi
method with unit restart length in the orthonormal eigeidabA asvy = jn=1 ik Zj - As
noted already in the proof of Lemn&a5, it is possible that at some indé&y in Algorithm 1
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the Rayleigh quotient,, coincides with an eigenvalug, (2 jo n 1). In this case
jok+1 = ok ( j k)= k+1 =0 forallk > k. But since

X
f(A)b  fx = B(A)vks = & ;) jk+1Z; forsome ‘restart functiorf€
j=1

(cf. [6, Theorem 2.6]), there foIIovv:qH0 (f (A)b fy) =0 forallk > kg or, in other words,
fi_has no error component in the directionzgf.

Consider now an eigenvalug, (2 jo n 1)with 6  forallk. The sequence

jo
jok+2 _  jok  Cio kW) jo  k+1)
nk +2 nk o (n ) ke1)

tendstoOfork ! 1  (see LemmaB.6), the second factor of the right-hand side tends to
iCio (i 2FCa (a2 Consequently, we have

1C o (o 20 <J(n )( n )l
i.e., the lemniscate , with

=iCe D0n ITP=0C1 D01 i

which passes through the extremal eigenvalueé o€ontains all other eigenvalues in its
interior (at least those which are relevant for the convecgef the steepest descent method).

THEOREM 5.4. Denote by  the lemniscate of the famil§p.2) which passes through

min @nd max - Then the method of steepest descent for comptijAgb converges if and

only if and its interior contain no singularity df.

We conclude this section by an obvious consequence.

COROLLARY 5.5. Letf be a function analytic if min; max] Which has no singular-
ities in C n R. Then the method of steepest descent for compiffAgb converges. The
convergence is at least linear with convergence factor

max min

jO maxj+j0 minj,

where g is a singularity off closesttd min; max]-

Proof. Convergence follows from Theoref. Denoting the foci of the lemniscates
(52by 1= %( min ¥ max) and ;= %( mn + max)t , 2 [O;%( max min )],
the convergence factor is given by

L 1=2 1=2

J max 1l max 2] - ( max min )2 4 2
j 0 1JJ 0 zj (J 0 maxj"'j 0 minj)2 2j
which is a monotonically decreasing function ofi.e., it attains its maximal value for= 0.
d

Fur}gti_ons satisfying the assumptions of this corollarghsas e.g.f ( ) = log( ),
f()= etc., play important roles in applications. Among them soal( ) = 1= and,
if we assume thaf is positive (or negative) de nite, then we regain the wallekvn result
that the classical method of steepest descent convergesaveibnvergence factor which is
not greater than

max min 1,

jmaxj+jminj +1,

where = ax= min IS the condition number o&.
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0.9

0.8

0.3

0.2

0.1

FiG. 6.1.The function 1; 2; 3] 7!

6. Location of the foci. We have not been able to determine the exact location of
the foci ; and ,. Of course, by Theorer.3 they are contained in the open interval
( min; max) and lie symmetric to5( min + max). If 3( min + max) iS an eigenvalue
of A (and ifvy has a nonzero component in the corresponding eigenvebtar) t

j 1 2j < %p 2( max min)
because otherwise the lemniscate passing throgghand max would not contair%( min +
max ) N its interior.
More precise information is only available in very specialations: Assume thaf A)
is symmetric with respect t9( min + max )

. 1 . 1 .
Jj é( mn ¥ max)] =] n+1 | é( min +  max)]

forj =1;2;:::;n=2if nisevenandfof =1;2;:::;(n 1)=2if nisodd. Inthe latter case

this means that (p+1) = = %( min T max)- In addition, we require that the coef cients of
Vi = j":l j;1Zj are symmetric as well:

P1= o+l i1 j =1;2;:::bn=2c:

Itis then easy to see that = %( min T max) for everyk and thus, ; = , = %( min +
max)-
As a case study, we consider the xed mathx= diag( 1;0; 1) together with a real
vectorvy = [ 1; 2; 3]', kvik = 1, ; 3 6 0. The restarted Arnoldi process with unit



ETNA

Kent State University
etna@mcs.kent.edu

220 M. AFANASJEW, M. EIERMANN, O. G. ERNST, AND S. GTTEL

FIG. 6.2.The functior] 1; 3] 7!

restart length (Algorithni) then generates a sequerio® = [ 1x; 2x; 3k]' Gk 1 of unit
vectors as follows,

2 3 2 3 2 3
1k+1 1k 1 (1 «)
(6.1) 4 2:k+1 5= T4 2:k 5 = 4 2:k k 5 ;
3K+l 3k kel sk k)
. q -
with « = f+ 5 ka1 = (30+ %) (% 2%,)?and the initial vector

[ 11; 215 31" ==[ 1; 2; 3]". We know from Lemma.6that
2 3 2 3

i -4 05 i =g 4 5.
kI!|lm Vok 1 0 and k|!I{T1 Vok = sign( ) 0 ;

for some nonzero real numbers , 2+ 2 =1, and that consequently (cf. Theorénd)

2 2 2 2 _

1 = lim Vo 1Avag 1= + Zand ,= lim Vo Avgy = =
Denoting by = j ;j = j ,j the common modulus of these two nodes we are interested in
the mapping ( 1; 2; 3) which is de ned on the unit sphere iR® with the exception
of the great circles; =0 and 3 = 0. Figure6.1illustrates this function.

We rst observe certain symmetries: Obviously the eightteex] 1; ,; 3]' lead
to the same value of. Moreover, we have( 1; »; 3) = F( 3; 2; 1);see6.1). The great
circle , =0 is of special interest: If we seleet =[ 1;0; 2]" as the starting vector
of the iteration 6.1), thenvy 1 = vy andvy = vy = | 1 %0; 4] for everyk;
cf. Lemma3.1 A simple computation yields

= 1;0;p1 Z = jvjAvij=j1 23

Therefore, for a syitable choice of, the function attains every value if0; 1). Values
of contained in(" 2=2;1) are attained if we seleat; on the ‘red subarcs' of the great
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circle , = 0; see Figures.1. Notethat = ( 1; 2; 3) 2 [O;p§:2) whenever , 6 0.
Consequently, is discontinuous at every point of those arcs.

We next determine combiriflgions of, o and 3 which lead to the value = 0: If
we start the iteration witlv, = ~ 2=2[ 1;0; 1]J' then, f0[5 the Rayleigh quotientg =
vy Avy, there holds ¢ = 0 for allk > 0. We setSy := f 2=2[ 1;0; 1]'g. Now we
de ne inductively the sets

S:=fv:Tv2S 10 =1;2:::;

and note that, for starting vectorg 2 S+, there holds ¢ =0 forallk > .

Toillustrate these sets in a more convenient way, we elitaing, = (1~ 2,  3,)*?
from the transformatioi de ned in (6.1) and consider as a function of the two variables
and 3; see Figurés.2. For symmetry reasons we can restrict our attentidh4o 1; 3 < 1
The intersection of the se®% and this restricted domain will be denotedRy. We have

Ro=f[1 3" : 1= 3:p§:29;
Ri=f[1 3]" 1 3= 10
Ro=f[1 3" 1 3=1 10
Rs=1f[1; 3] :p( 1, 3)=0g;

wherep( 1; 3)= §+ § f §+2f3F 1§ §3+2735t2:3 475 213
1 —
0.9 AN
0.8t
07 P
0.6

> 0.5 »

04f '
0.3H R \

0.2 '

0 0.1 02 03 04 05 06 07 08 09 1
8

FiG. 6.3.ThesetR-, =0;1;:::;5.

In summary, determining the foci and , requires the analytic evaluation of the func-
tion = ( 1; 2; 3)which, eveninthe simple example considered here, appgaasiable.
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7. Conclusion. We have given a convergence analysis of the restarted Arapfitox-

imation for functions of Hermitian matrices in the case wites restart length is one. The
analysis is based on an earlier result of Akaike given in &@gbdity theory setting, which
we have translated into the terminology of linear algebmnd, r@sults of Walsh on the conver-
gence of interpolation polynomials. In particular, we hatewn that the restarted Arnoldi
method exhibits, asymptotically, a two-periodic behavidioreover, we have characterized
the asymptotic behavior of the entries of the associategdétdrerg matrix. The precise loca-
tion of the asymptotic interpolation nodes is a complicatestt, as was illustrated for a simple
example. These results may be viewed as a rst step towarderstanding the asymptotic
behavior of the restarted Arnoldi process.
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