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Definition
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Definition

Polynomial matrix functions

Given A € CN*N and p(z) € Pm(z) of degree m with complex
coefficients, i.e. p(z) = amz™ + am-12™ "1 + -+ + ap.
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Definition

Polynomial matrix functions

Given A € CN*N and p(z) € Pm(z) of degree m with complex
coefficients, i.e. p(z) = amz™ + am_12™" 1 + - - + ap.
Since the powers |, A, A%, ... exist we may give the following

Definition
P(A) == amA™ + Ozm_lAmfl 4+ +agl e CNXN

p is a polynomial matrix function.
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Definition

Polynomial matrix functions

Given A € CN*N and p(z) € Pm(z) of degree m with complex
coefficients, i.e. p(z) = amz™ + am_12™" 1 + - - + ap.
Since the powers |, A, A%, ... exist we may give the following

Definition
P(A) == amA™ + Ozm_lAmfl 4+ +agl e CNXN

p is a polynomial matrix function.

We no longer distinguish between Pn(z) and the set of polynomials
in A of degree < m. We simply write Pp,.
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Definition

Properties of polynomials in matrices

Lemma

Let p € P, be a polynomial, A € CN*N and A = TJT —1, where
J =diag(J;,J2, . . ., Jk) is block-diagonal. Then

@ p(A) =Tp(I)T 4,
® p(J) = diag (p(J1),P(J2), - - -, P(Jk)),
© If Av = \v then p(A)v = p(\)v,
@ Given another polynomial p € Py, then p(A)p(A) = p(A)p(A),
® More generally, if B € CN*N and AB = BA, then
P(A)P(B) = B(B)p(A).
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Definition

Suitable functions

Let A(A) denote the spectrum of A and let

@) = ] @-n®

AEN(A)

be the minimal polynomial of A.
(dy is the size of the largest Jordan block to the eigenvalue \.)
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Definition

Suitable functions

Let A(A) denote the spectrum of A and let

@) = ] @-n®

AEN(A)

be the minimal polynomial of A.
(dy is the size of the largest Jordan block to the eigenvalue \.)

Definition
Given a functionf : Q — C, Q C C. We say, f is defined on A, if

FA) V), .., O =D(3)

exist for all A € A(A).
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Definition

Hermite interpolating polynomial

Let f be defined on A. By ps o we denote the Hermite interpolating
polynomial that satisfies

pra(r) = f(N),
pra(A) = (N,

PR ) = Gy

for all A € A(A).
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Definition

Hermite interpolating polynomial

Let f be defined on A. By ps o we denote the Hermite interpolating
polynomial that satisfies

pra(r) = f(N),
pra(A) = (N,

PR ) = Gy

for all A € A(A).
These are

> dy =deg(ya) =: d

AEA(A)

interpolation conditions to p; 5. Therefore p; p € Py_1.
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Definition

Hermite interpolating polynomial

Let f be defined on A. By ps o we denote the Hermite interpolating
polynomial that satisfies

pra(r) = f(N),
pra(A) = (N,

PR ) = Gy

for all A € A(A).
These are

> dy =deg(ya) =: d

AEA(A)

interpolation conditions to p; . Therefore p; o € Py_1. Note: d < N.
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Definition

General matrix functions

Definition
Let f be defined on A. Let p; o be the Hermite interpolating
polynomial from above. Then we define

F(A) = pra(A).| (0D

Matrix functions  Polynomial methods Definition Example Properties



[8/48] wac University of Cyprus

Letf(z) = exp(z). Determine p; A for

D a

1 6 4 0 -8
o 7 4 0 -8
A=|2 0 -1 -1 -2
2 -4 0 0 2
2 6 3 -1 -9

A\
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Letf(z) = exp(z). Determine p; A for

1 6 4 0 -8 1 0 0 0 O
o 7 4 0 -8 0O -1 1 0 O
A=|2 0 -1 -1 -2 =J=|0 0 -1 0 O
2 -4 0 0 2 0 0 0 0 O
2 6 3 -1 -9 0 O 0O 0 -1

A\
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Letf(z) = exp(z). Determine p; A for

1 6 4 0 -8 1 0 0 0 O
o 7 4 0 -8 0O -1 1 0 O
A=|2 0 -1 -1 -2 =J=|0 0 -1 0 O
2 -4 0 0 2 0 0 0 0 O
2 6 3 -1 -9 0 O 0O 0 -1

= Pa(z) = (z —1)(z + 1)°z

A\
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Letf(z) = exp(z). Determine p; A for
1 6 4 0 -8 1 0 0O 0 O
0 7 4 0 —8 0o -1 1 0 0
A=|2 0 -1 -1 -2 =J=| 0 O -1 0 O
2 -4 0 0 2 0O O 0O 0 O
2 6 3 -1 -9 0O O 0O 0 -1
= Pa(z) = (z —1)(z + 1)°z
!
= pra(M) =pra(l) = exp(l) =f(Ay),
!
Pr.a(X2) =pra(=1) = exp(=1) =f(Az),
!
Pra(X2) =pra(=1) = exp(-1) =f'(A2),
|
Pr.a(As) =pr,a(0) = exp(0) =f(Xs).

A\
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Letf(z) = exp(z). Determine p; A for

1 6 4 0 -8 1 0 0 0 O
o 7 4 0 -8 0O -1 1 0 O
A=|2 0 -1 -1 -2 =J=|0 0 -1 0 O
2 -4 0 0 2 0 0 0 0 O
2 6 3 -1 -9 0 O 0O 0 -1

= Pa(z) = (z —1)(z + 1)°z

exp(1) = (M),
exp(—1) = f(X2),
exp(—1) = '(A2),

exp(0) = f(Aa).

= pr,a(A1) = pr,a(l)
P a(A2) = pra(—1)
pfl,A()\Z) = pfl,A(—l)

Pr,a(A3) = pr,a(0)

i o e—1)2 2 g
Solution: | ps a(z) = & 4‘;e+5z3+( 29) 22 4 el 4 g

N,

Matrix functions  Polynomial methods Definition Example Properties



[9/48] wac University of Cyprus -‘

Properties of matrix functions

@ Every matrix function f that is defined on A can be represented
point-wise (i.e. for a concrete A) as a polynomial of degree d — 1,
d = deg(va).

® f(A) depends only on the values of f,f’,... on A(A). Thus
f(A) =f(B) if A and B have the same minimal polynomial (e.g.
for A similar B).

@ IFF(\) =g(\),F'(\) =g’(\), ..., fB=D(\) = g =D()) for all
A € A(A), then f(A) = g(A).

@ If all Jordan blocks have size 1 x 1 and thus J is a diagonal
matrix (e.g. for normal A), then p; 4 is a Lagrange interpolating
polynomial:

pr a(A) =f(A), forall A € A(A).
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Properties of matrix functions

Cauchy integral formula

FAEA
L X |

Theorem (Cauchy theorem)

Let f(z) be analytic in a domain G and let -y be a closed path
contained in G. There holds

1)
(@ =57 | gz

forany z € int(G), wind,(vy) = 1.

(CIF)
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Properties of matrix functions

Cauchy integral formula

Theorem (Cauchy theorem)

Let f(z) be analytic in a domain G and let -y be a closed path
contained in G. There holds

f(z)—zjﬂL (g(_oz)dg (CIF)

forany z € int(G), wind,(vy) = 1.

Since polynomials are analytic and f(A) is a polynomial, we have
immediately...
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Properties of matrix functions

Cauchy integral formula for matrix functions

Theorem

Let A € CN*N 4 be a closed path surrounding all A € A(A) once, f
analytic in int(+) and extending continuously to it, then

f(A) = 57 [ FOG - A) . (02)

Matrix functions  Polynomial methods Definition Example Properties
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Properties of matrix functions

Cauchy integral formula for matrix functions

Theorem

Let A € CN*N 4 be a closed path surrounding all A € A(A) once, f
analytic in int(+) and extending continuously to it, then

f(A) = 57 [ FOG - A) . (02)

(D2) may be used to give another equivalent definition of f(A).
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Properties of matrix functions

Power series

Theorem

Let f be analytic in an open set U 5 0 and letf(z) = Z]?’jo o) be the
Taylor expansion of f in O with convergence radius 7 € (0, co]. Then
f(A) is defined for every A with o(A) < 7 and there holds

o0 m
fA) =) oA = lim > oA, (D3)
j=0 j=0
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Properties of matrix functions

Power series

Theorem

Let f be analytic in an open set U 5 0 and letf(z) = Z]?’jo o) be the
Taylor expansion of f in O with convergence radius 7 € (0, co]. Then
f(A) is defined for every A with o(A) < 7 and there holds

o0 m
fA) =) oA = lim > oA, (D3)
j=0 j=0

Y2 ;A converges < Ve >0 3n. € Np : szins oA H <e.
Assumed f has convergence radius 7 (i.e., f(z) < oo for |z| < 7).
Then |55, oA | < 3372, [y AW, thus o(A) < A < risa
sufficient criteria for convergence of Zfio oA (Taylor series
converge absolutely!).
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Properties of matrix functions

Power series

Let f(z) = exp(z). f has convergence radius 7 = co. Thus f(A) is
defined for every A € CN*N and there holds
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Properties of matrix functions

Rational identities

FAEA
L X |

Because of

U
2222
I
>0

(2) (
f(z) =g(2)h(z) = f(A)=g(A)h(A),

any rational identity in scalar functions of a complex variable will be
fulfilled by the corresponding matrix function.
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Properties of matrix functions

Rational identities

Because of
fz)y=aeC = f(A)=al,
fz)=z = f(A)=A,
f(z)=9(z) +h(z) = f(A)=9g(A)+h(A),
f(z) =g(z)h(z) = f(A)=g(A)h(A),

any rational identity in scalar functions of a complex variable will be
fulfilled by the corresponding matrix function.

o sin?(A) + cos?(A) = I,
e exp(iA) = cos(A) +i sin(A),
e (I—A)t=1+A+A2+... (for o(A) < 1).
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Polynomial methods

Introduction

Problem

Given A € CN*N (N large!), b € CN, f defined on A.
Calculate x := f(A)b!

Matrix functions  Polynomial methods Interpolation Fejér Ritz
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Polynomial methods

Introduction

Problem

Given A € CN*N (N large!), b € CN, f defined on A.
Calculate x := f(A)b!

V.

e f(z) =1/z to solve a linear system Ax = b,

e fi(z) = exp(tz) to solve a linear ODE x’(t) = Ax(t), X(0) = b,
e f(z) =log(z) in cryptology,

e f(z) = |z| in certain problems arising in physics.
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Interpolation

Given m > 1 arbitrary nodes
M1, 2,5 im € C
or equivalently, given the associated nodal polynomial
wm(z) = (z = pa)(Z = p2) -+ (Z — pm)-

Let p; m be a polynomial of degree m — 1 that Hermite interpolates f
in the nodes {y;} (in the roots of wm). Then the polynomial
approximation to f(A)b is Xm := pt m(A)b.

Matrix functions  Polynomial methods Interpolation Fejér Ritz
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Interpolation

Given m > 1 arbitrary nodes

M1, f2; - -5 Hm cC

or equivalently, given the associated nodal polynomial

wi(2) = (2 = pa)(Z = p2) -+ (Z = pam)-

Let p; m be a polynomial of degree m — 1 that Hermite interpolates f
in the nodes {y;} (in the roots of wm). Then the polynomial
approximation to f(A)b is Xm := pt m(A)b.

Problem

How to choose the interpolation nodes p1, . . ., um, such that
[f(A)b — pr m(A)b]| is small?
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Let A be normal
< A = UDU" with UMU =1 and D = diag(A1, A2, - - -, An)-
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Let A be normal
< A = UDU"M with UHU =1

Then

IF(A)b — pr.m(A)b]|

Matrix functions  Polynomial methods

and D = diag(A1, A2, ..., An)-

IF(&) — pem(A)] ]
IF(UDU™) — pr m (UDU™) ]
|UIF(D) ~ pr m(D)UM] ]
IF(D) ~ pr.m(D)] ]

b max. [f(3) = pr.m(V)]

Interpolation Fejéer Ritz
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Let A be normal
< A = UDU" with UMU =1 and D = diag(A1, A2, - - -, An)-

Then
[F(A)b —prm(A)b] < [If(A) —prm(A)[b]
= [If(uDU™) — prm(UDUT)| b
= |U[f(D) = prm(D)JU"[l[Ib]]
= [f(D) = pr,m(D)Ill[b]
= f(\) — .
I} max [f(A) ~ py.m(2)
Interpretation

The polynomial p; m € Pm—_1 should approximate f very well in the
eigenvalues of A =- best uniform approximation problems.
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Let Q C C be a compact set such that
e Q€ = C\ Qis simply connected,
e A(A) C Q.
By Riemann mapping theorem there exists V : D° - Q° conformal,
zZ=VY(Ww)=cw+co+cw 4.,
with W(o0) = oo, V'(00) = ¢ > 0. ¢ is the capacity of 9. By
w = ®(z) = c~*z + regular part
we denote the inverse function of V. ¢ is conformal. For R > 1 we
define the level curve
Lr :={z €C : |®(z)| =R} c Q°.

N— / N )

I R~—

Matrix functions  Polynomial methods Interpolation Fejéer Ritz



FAEA
L X |

[19/48] wa University of Cyprus

Let {wm} be a sequence of nodal polynomials for €, i.e. all roots of
each wp, are are contained in Q. We define the numbers

zeQ

By the maximum principle My, is attained on 9Q = 9Q°. There holds

Mpn>c™ form=1,2,...

Definition
The nodes associated with the sequence {wm} are uniformly
distributed on € if

VVMy — ¢ form — oo.
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Now let f be analytic on Q. Recall: p; n(z) denotes the Hermite
interpolating polynomial that interpolates f in the roots of wy,. The
following theorem gives the connection between the uniform
distribution of the nodes and the convergence of the corresponding
interpolation process.

Theorem (Kalmar-Walsh)
The convergence

max [f(z) — pr,m(z)] =0 (M — o0)

takes place for each function analytic on Q if and only if the
interpolation nodes are uniformly distributed on Q.
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D &

The following theorem gives an assertion about the convergence-rate.
Theorem

Suppose R > 1 is the largest number such that f is analytic inside Lg.
The interpolating polynomials p; , with nodes that are uniformly
distributed on €2 then satisfy the condition

limsup n/max|f(z) — pr.m(z)| =

1
—. MaxC
T )/ R (MaxConv)

Definition
The sequence {p; m} converges maximally on Q to f if the

condition (MaxConv) is satisfied.
The number 1/R is called asymptotic convergence factor.

Note: if f is entire, we can choose R arbitrary large, resulting in
superlinear convergence.
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Recall

f(A)b — Ab| < f(\) — .
(A — prm(A)D| < Ib]] max [£(3) ~ prm()

By the last theorem we have

. IF(A)b — prm(A)DI\Y™ 1
im sup ( o] R

m—oo

IN

if the interpolation nodes are uniformly distributed on Q.
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Recall
f(A)b — A < m f — .
[f(A)o — prm(A)b| < ||b||/\eﬁ>/§)| (A) = Prm(A)]

By the last theorem we have

IN

limsup

m—oo

(||f(A)b—pf,m(A)b||>1/m 1
b R’

if the interpolation nodes are uniformly distributed on Q.

Now it seems to be reasonable to use uniformly distributed
interpolation points: we know that the relative error should
asymptotically behave like (%)m. Moreover it can be proven that 1/R
is the best possible asymptotic convergence rate that holds for all
functions analytic inside Lg. (This justifies the term maximally
convergent.)
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Interpolation in Fejér points

Let © have a sufficiently smooth boundary 01, e.g. a Jordan curve.
Then by the Theorem gf Caratheodory-Osgood there exists a bijective
continuous extension W : D¢ — Q€ U 09 of W to the boundary.

Definition

The Fejér(m) points on Q2 are the images under W of the m-th roots of

unity, i.e.
~ Jj—1 .
Vmj =W (exp <2mm)> , (=21,2,...,m).

Theorem (Fejer)
The Fejér points are uniformly distributed on Q.
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Letf(z) := 1/z. Let A € C00x100 he a normal matrix with randomly
and equally distributed eigenvalues in a filled L-shaped polygon Q.
We compute the map V using the Schwarz-Christoffel-toolbox for
MATLAB. We determine

R =~ 1.6421,

which is the value for that the origin 0 lies on the level curve Lg. For a
certain m we determine the Fejér(m) points on 2 and evaluate the
interpolating polynomial ps m.

\,
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D a

L-shaped domain with 100 eigenvalues
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Level curves of ¥
3 T T T T T T T

Ly, (R=1.6421)
-1 . . . " .
-1 -05 0 0.5 1 15 2 2.5 3
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Fejér(16) points

3 T T

25 1

051 1
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log(If(z) — pr.m(2)[ +€)

/]
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Error curves of the interpolation methods using Fejér points,
equidistant points on the boundary of the polygon and Ritz values as
interpolation nodes.

D a

— Fejer
—— Equidistant
Ritz

ar)™ M

-1
1A ~q, (ABII/IIbIl
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Discussion

The biggest advantage of interpolation methods with uniformly
distributed interpolation points (IMUD) is, that the interpolating
polynomials p; m can be applied to a matrix A whose spectrum is
contained in © without worsening the asymptotic convergence factor
é. Once ps n, is determined, pf’m(/-\)5 is easily evaluated for a

different vector b € CN*N,

One of the drawbacks of (IMUD) is, that we first have to know at least
the outlying eigenvalues of A in order to determine Q.
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Interpolation in Ritz values

Definition
The m-th Krylov (sub)space of A and b is defined by

Km(A,b) = K := span{b,Ab,A%b,... A" b},

Matrix functions  Polynomial methods Interpolation Fejér Ritz
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Interpolation in Ritz values

Definition
The m-th Krylov (sub)space of A and b is defined by

Km(A,b) = K := span{b,Ab,A%b,... A" b},

Lemma
There exists an index L = L(A,b) < deg(va) such that

K1(A,b) S Ka(A,b) S ... S KiL(Ab) = Kiia(Ab) = ...

Moreover f(A)b € K.
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The Arnoldi process

Task: Generate an orthonormal basis of K, m < L.

Algorithm
vi:=Db/|b]l
for j=1,2,....m
Wjy1 1= AVJ' .
Ui o= Wj1 — Dt (Wi, Vi)Vi [hij = (Wj1,Vi)
if j<L
Vit1 = Vjg1/|[Vjsa | [ hjtaj = [IVjtall]
else
Vit1:=0 [ D41 :=0]
end
end
Output: Vi = [V1,V2,...,Vy] € CNX™ with orthonormal columns and

an unreduced upper Hessenberg matrix Hy, = (h;j) € C™*™,
(Moreover Vi1 € CN, hpam € R))
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Definition

The characteristic polynomial xm(z) := det(zl — Hy,) of Hy, is called
Ritz(m) polynomial of A.

The eigenvalues 61, 0,, . .., 0m of Hy, are the Ritz(m) values of A.
Let f be defined on Hy,. The Arnoldi approximation from K (A, b) to
f(A)b is defined as f, := ||b||Vmf(Hm)es.
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Definition
The characteristic polynomial xm(z) := det(zl — Hy,) of Hy, is called
Ritz(m) polynomial of A.
The eigenvalues 61, 0,, . .., 0m of Hy, are the Ritz(m) values of A.
Let f be defined on Hy,. The Arnoldi approximation from K (A, b) to
f(A)b is defined as f, := ||b||Vmf(Hm)es.

Theorem

For m = L all the Ritz values are located in the eigenvalues of A and
there holds
fL =f(A)b.
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Definition
The characteristic polynomial xm(z) := det(zl — Hy,) of Hy, is called
Ritz(m) polynomial of A.
The eigenvalues 61, 0,, . .., 0m of Hy, are the Ritz(m) values of A.
Let f be defined on Hy,. The Arnoldi approximation from K (A, b) to
f(A)b is defined as f, := ||b||Vmf(Hm)es.

Theorem

For m = L all the Ritz values are located in the eigenvalues of A and
there holds
fL =f(A)b.

In practice f, =~ f(A)b for m <« L.
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f(z) = exp(z), N = 500, A sparse with nz = 3106 (1.25 percent) and
(0, 1)-normal-distributed entries. b full with (0, 1)-normal-distributed entries.

10*

I, A I,
o
O‘

0 5 10 15 20 25 30
m

Execution speed: expm(A)* b ~ 2.2840s, f,5 ~ 0.0900s.
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Theorem

Let p; m € Pm—1 denote the polynomial that Hermite interpolates f in
the Ritz(m) values of A. Then

fm == pf,m(A)b-
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Theorem

Let p; m € Pm—1 denote the polynomial that Hermite interpolates f in
the Ritz(m) values of A. Then

fm == pf,m(A)b-

We are interested in the location of the Ritz values.
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Theorem

The Ritz(m) polynomial xr, is the minimizer of

IP(A)b

among all monic polynomials p € Pse.
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Theorem
The Ritz(m) polynomial xr, is the minimizer of

IP(A)b

among all monic polynomials p € Pse.

Let A be normal and D = UM AU its unitary diagonalization. Then ym
is the minimizer of

N
> (uib)Pp(N)
i=1

among all monic polynomials p € Pge.
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Theorem
The Ritz(m) polynomial xr, is the minimizer of

IP(A)b

among all monic polynomials p € Pse.

Let A be normal and D = UM AU its unitary diagonalization. Then ym
is the minimizer of

N
> (uib)Pp(N)
i=1

among all monic polynomials p € Pge.

We expect the Ritz values to lie close to some of the eigenvalues of A.
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The hermitian case

Let A = A",

Theorem
For m < L there holds

)\min Sel <92 < - <em S/\maXa
and each of the intervals

(7007 91]7 [017 02]a BERE) [om—lv 0m]7 [ema +OO)

contains at least one eigenvalue of A.
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min max

D a

3
I
-
®

Matrix functions  Polynomial methods Interpolation Fejér Ritz



FAE
X

[39/48] wac University of Cyprus

The last Theorem implies

Corollary

In any interval (—oo, x) the number Fy n(x) of Ritz(m) values does
not exceed the number of eigenvalues by more than one
(x € RU {+00}).

Let the eigenvalues of A be distributed according to a certain
probability measure o with compact support Q > A(A). (Later:
cap(?) > 0.)

Now let A € CoN-oN follow the same eigenvalue distribution. Then it
can be observed that

FaN,am(X) ~ aFN,m(X)a

i.e the distribution of the Ritz values depends on the ratio t := m/N
only. We assume that the Ritz(m) values of A € CN*N are distributed
according to a probability measure ;.
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Recall: From its minimizing property we expected the Ritz(m)
polynomial x, to be small on the eigenvalues of A. Moreover we
know that all roots of xm are contained in [Amin, Amax] := Q. By P,
we denote the set of monic polynomials of degree m with all roots
contained in 2. Now we consider a monic polynomial pm € P’q that
is small on hole €:

Pm Minimizes max |g(z)| among q € P -
ze ’

The behavior of the roots of py, is connected with the equilibrium
measure ue for Q in the sense of potential theory.
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By M () we denote the set of Borel probability measures supported
on Q. We define the logarithmic potential associated with © € M(Q)

by
Ur(z) = [ log|z - ¢lauc).

The energy of 1 is defined by

(1) = / U (z)du(z).

The energy is either finite or takes the value +o0oc. We consider the
following energy minimizing problem

V(Q) :=inf{l(un) : p € M(Q)}
and define the (logarithmic) capacity of Q by
cap(Q) := exp(—V ().

If V(Q2) = +o0, we set cap(Q2) := 0.
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We assume from now on that

cap(Q2) > 0.

In this case the Theorem of Frostmann asserts that there exists a
unique measure pg € M(Q) such that [(ze) = V(). The measure
ue is called equilibrium measure for Q.

Potential e
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The roots of p,, from the problem

D a

Pm Minimizes max |q(z)] among g € Pyq.-
ze ’

will distribute themselves according to the measure pug, the
equilibrium measure for €.
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The roots of p,, from the problem

Pm Minimizes max |q(z)] among g € Pyq.-
ze ’

will distribute themselves according to the measure pug, the
equilibrium measure for €.

Moreover we have
tue < o.
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The roots of p,, from the problem

Pm Minimizes max |q(z)] among g € Pyq.-
ze ’

will distribute themselves according to the measure pug, the
equilibrium measure for €.

Moreover we have
tue < o.

All together we are led to the following constrained equilibrium
problem (CEP):

I(pe) = Inf{I (k) - p € M(Q), tp <o}

For the 1D-case the (CEP) can be solved numerically for constraints
o with piecewise linear density (S. Helsen, M. van Barel, 2004)
— extension to the 2D-case possible! (M. Eiermann, 2006).
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o(S) = (Area measure of S(L-shape)/3, t =0.2
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o(S) = (Area measure of S(L-shape)/3, t =0.5

Density, t=0.5

Potential, t = 0.5

gz‘ s
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o(S) = (Area measure of S(L-shape)/3, t =0.8

Density, t=0.8

Potential, t = 0.8
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Converged Ritz values, N = 300
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