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What is a matrix function?

In general... ’

f : D — R, from a domain D C C**! to some range area R C C™*".
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In general...

f : D — R, from a domain D C C**! to some range area R C C™*".

m=n=1

m=1lorn=1

m, n arbitrary

scalar function of
a single variable

vector function of
a single variable

matrix-valued f. of
a single variable

k=1lorl=1

scalar function of
a vector

vector field

matrix function of
a vector

k, | arbitrary

scalar function

vector function

matrix function

Tabelle: Classification of matrix functions
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Definition 1

Polynomial matrix functions
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Definition 1

Polynomial matrix functions

Given A € CN*N and p(z) of degree m with complex coefficients, i.e.
P(z) = amz™ + am_12™ "1 + - 4+ ap. Notation: p € Pn(2).
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Definition 1

Polynomial matrix functions

Given A € CN*N and p(z) of degree m with complex coefficients, i.e.
P(z) = amz™ + am_12™ "1 + - 4+ ap. Notation: p € Pn(2).
Since the powers |, A, A%, ... exist we may give the following

Definition
P(A) == amA™ + am_ 1AM 4. 4 agl € CVXN, (D1)

p is a polynomial matrix function.
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Definition 1

Polynomial matrix functions

Given A € CN*N and p(z) of degree m with complex coefficients, i.e.
P(z) = amz™ + am_12™ "1 + - 4+ ap. Notation: p € Pn(2).
Since the powers |, A, A%, ... exist we may give the following

Definition
P(A) == amA™ + am_ 1AM 4. 4 agl € CVXN, (D1)

p is a polynomial matrix function.

We no longer have to distinguish between P (z) and the set of
polynomials in A of degree < m. We simply write Pp,.
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Properties of polynomials in matrices

Lemma
Let p € Pp, be a polynomial, A € CN*N and A = TJT ~* where
J =diag(Jy,Jdo, . .., Jk) is block-diagonal. Then
@ p(A) =Tp()T 1,
® p(J) = diag (pP(J1),P(J2), - - -, P(I)).
© If Av = \v then p(A)v = p(\)v,
@ Given another polynomial p € Py, then p(A)p(A) = p(A)p(A).
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The Jordan canonical form

Every square matrix A is similar to a block-diagonal Jordan matrix

J =diag(J1, J2, ..., Jk), where each Jordan block J; = Jj()j) € C*"
has entries \; on the main diagonal and ‘ones’ on the first upper
diagonal (j =1,2,...,k):

N 1
N 1
Jj(%y) = toep(N;, 1) =
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The Jordan canonical form

Every square matrix A is similar to a block-diagonal Jordan matrix

J =diag(J1, J2, ..., Jk), where each Jordan block J; = Jj()j) € C*"
has entries \; on the main diagonal and ‘ones’ on the first upper
diagonal (j =1,2,...,k):

N 1
N 1
Jj(%y) = toep(N;, 1) =

We say J = T AT is a Jordan canonical form (JCF) of A. The
columns of T are the generalized eigenvectors of A.
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The Jordan canonical form

Given a Jordan block
J :=toep(), 1) € C"*".

Let f(z) := z™ be the monomial of degree m.
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The Jordan canonical form

Given a Jordan block
J :=toep(), 1) € C"*".

Let f(z) := z™ be the monomial of degree m.

Then

_ m m—1 m m—i m m—min{m,n—1}
f(d) = toep</\,m)\ ""’(i)/\ ""’(min{m,n—l})A >
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The Jordan canonical form

Given a Jordan block
J :=toep(), 1) € C"*".

Let f(z) := z™ be the monomial of degree m.

m—1 m m—i m m—min{m,n—1}
toep( ,mA ""(i)/\ ""’(min{m,n—l})A >

, 0 fmin{m,n—1})  y
toep (Q,f (A)s - i(! )7,.., min{m,n_(l})!)

Then

f(3)

Matrix functions Krylov subspaces Introduction  Definitions  Properties



[7/31] wace University of Cyprus %] '

The Jordan canonical form

Given a Jordan block
J :=toep(), 1) € C"*".

Let f(z) := z™ be the monomial of degree m.

Then

f(3)

m m—1 m m—i m m—min{m,n—1}
toep</\,m)\ ""’(i)/\ ""’(min{m,n—l})A >

, HOMY fF(min{m,n—1})

= toep (@,f (A)--s i(! )""’ min{m, n —(l})!)
0 (n-1)

= toep (@’f,o\)’.”’f i(!A)""’f(n - g.;\l)) '
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The Jordan canonical form

Given a Jordan block
J :=toep(), 1) € C"*".

Let f(z) := z™ be the monomial of degree m.

Then
_ m m—1 m m—i m m—min{m,n—1}
f(d) = toep</\,m)\ ""’(i)/\ ""’(min{m,n—l})A >
_ , f(l)(}\) f(min{m,nfl})(A)
- toep(@,f()\),..., ) ""’min{m,n—l}!)
— toep (1., D) 10T
= p(f(n), T o) )
f(J) is already defined if f,f/, ... f("=1) exist in an open subset of C
containing \.
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Definition 2

Definition

Given A € CN*N with a Jordan canonical form J = T AT, where

J =diag(J1,J2,..., ) and J; = Jj(N) € CVY (j =1,2,...,k). LetU
be an open subset of C such that {\1, \,,..., A} CU. Letf be a
functionf : U C D — C.

Then f is defined on A if (), f/(X), ..., F D)) exist,

dy :=max{n; : i=12,... kand )\ = \j}.
We set
f(A) := T diag (f(J1),f(J2),...,F(J)) T 1, (D2)
where
f(i)()\-) f(m—l)()\.)
Y N £y j j
f(J;) := toep <f(/\,),f (N)s -, i iy = 1) > .
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Remarks

@ This definition is independent of the choice of J and T. Hence,
f(A) is uniquely determined.

@ d, is the size of the largest Jordan block to eigenvalue \. By
A(A) :={\1, A2, ..., X} we denote the set of the eigenvalues of
A. The minimal polynomial of A is defined as

va(z) = [ z-n*.

AEA(A)

@ For all the ); being pairwise distinct,

k
H Z - )\J (Z)a
j=1

where xa(z) is the characteristic polynomial of A. Matrices with
1a = xa are called nonderogatory.

@ For all p € Py, there holds (D1) = (D2).
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Polynomial interpolation

Theorem

@ There holds
f(A) = p(A)

if and only if
fON) =pP(A), XeAA), i=0,1,...,dy—1. (HIP)

These are d := deg(va) interpolation conditions to p.

@ There exists a uniquely determined polynomial p € P4_1 that
satisfies (HIP). p is the Hermite interpolation polynomial.

©® Assumed p is another polynomial that satisfies (HIP). Then

P(z) = B(2) + ¢a(2)h(2)

for some polynomial h(z) and a the minimal polynomial of A.
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Let A = [o]. Then ya(z) = z — a and deg(ya) = 1, the most.
Therefore f(A) = p(A) with deg(p) = 0, namely p(A) = f(«)l. This is
a degenerated case.
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Calculate p for f(z) = exp(z) and

D a

1 6 4 0 -8
0o 7 4 0 -8
A=(2 0 -1 -1 =2
2 -4 0 0 2
2 6 3 -1 -9
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Calculate p for f(z) = exp(z) and

D a

1 6 4 0 -8 1 0 0O 0 O
0o 7 4 0o -8 0o -1 1 0 O
A=(2 0 -1 -1 =2 =J=|0 0 -1 0 O
2 -4 0 0 2 0 0 0 0 O
2 6 3 -1 -9 0 0 0 0 -1
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Calculate p for f(z) = exp(z) and

D a

1 6 4 0 -8 1 0 0O 0 O
0o 7 4 0o -8 0o -1 1 0 O
A=(2 0 -1 -1 =2 =J=|0 0 -1 0 O
2 -4 0 0 2 0 0 0 0 O
2 6 3 -1 -9 0 0 0 0 -1

= a(z) = (z —1)(z + 1)?z
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Calculate p for f(z) = exp(z) and

1 6 4 0 -8 1 0 0O 0 O
0o 7 4 0o -8 0o -1 1 0 O
A=(2 0 -1 -1 =2 =J=|0 0 -1 0 O
2 -4 0 0 2 0 0 0 0 O
2 6 3 -1 -9 0 0 0 0 -1

= p(A1) =p(1) (
p(A2) =p(=1) = exp(-1)=1/e
p'(A2) =p'(-1) (-1)
p(A3) = p(0) (
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Calculate p for f(z) = exp(z) and

1 6 4 0 -8 1 0 0O 0 O
0o 7 4 0o -8 0o -1 1 0 O
A=(2 0 -1 -1 =2 =J=|0 0 -1 0 O
2 -4 0 0 2 0 0 0 0 O
2 6 3 -1 -9 0 0 0 0 -1

= p(A1) =p(1) (
p(A2) =p(=1) = exp(-1)=1/e
p'(A2) =p'(-1) (-1)
p(A3) = p(0) (

2
A solution is p(z) = ez*‘fee*523 + (e;é) 72 + eerff:fqz + 1 and there holds

p(A) = f(A) = exp(A). Because of deg(p) < deg(¥a), p = p-
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Remarks

@ Every function f(-) that is defined on the spectrum of A € CNxN
can be represented pointwise (i.e., for a concrete A) as a
polynomial p(A) € Py_1, d = deg(wa). Or we might say, f is a
field of polynomials.

® f(A) depends only on the values of f,f’,... on A(A). Thus f(A)
and f(B) have the same polynomial representation for A and B
having the same minimal polynomial (e.g. similar matrices).

@ If all Jordan blocks have size 1 x 1 and thus J is a diagonal
matrix (e.g. for normal A) then (HIP) reduces to a Lagrange
interpolation problem:

f(A) =p()), X e A(A). (LIP)
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The components of A

Letagain ¥a(z) = [Iyean)(2 — )9 denote the minimal polynomial of

A, d = deg(¢n).

Definition

Define H := {¢xi(z) € Pa—1 : A€ A(A), i=0,1,...,dy — 1} such
that

(V)(Z)— 1, z=\ 1=y
YA =1 0, otherwise,

forall z € A(A). H is the Hermite basis of Py_1 with respect to .

(It has to be shown that all the ¢, ; are linearly independent.)
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The components of A

Hermite basis for example (2)

15 T

-05 L 1 1 1 [
-15 -1 -0.5 0 0.5 1 15

Matrix functions Krylov subspaces Introduction  Definitions  Properties



[16/31] wac University of Cyprus

Definition

D a

The components C, ; of A are defined as

Ci,i = ori(A).
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Definition
The components C, ; of A are defined as

Ci,i = ori(A).

Lemma

@ {C\i : A\eAA); i=0,1,...,dy — 1} is a set of linearly
independent matrices.

@ spectral resolution of A for f:

dy—1

f(A) = Z > fOMChi (SR)

AEA(A) i=0

© > canCro=land 3 \a)ACx0+Cr1 = A,
0 C)\,| Wy — C,u,JC)\,l-

Matrix functions Krylov subspaces Introduction  Definitions  Properties
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Cauchy integral formula

Let f(z) be analytic in a domain G and let v be a closed path
contained in G. Then the Cauchy theorem asserts

t0(z) = 2'—7'” / C—z)t i(i))mdc (CIF)

forany z € G, wind,(y) =1andi=0,1,...
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The resolvent of A

Lemma
Let A € CN*N and ¢ € A(A), C,; the components of A. There holds

dy—1

Re(A) == (¢1—A Z Z ¢ — )\|+1

AEA(A) i=0

R¢(A) is the resolvent of A to ¢.
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The resolvent of A

Lemma
Let A € CN*N and ¢ € A(A), C,; the components of A. There holds

dy—1

Re(A) = ( Z Z ¢ — )\|+1

AEA(A) i=0

R¢(A) is the resolvent of A to ¢.

Beweis.

For ¢ ¢ A(A), (¢I — A) is invertible because N/ (¢l — A) = {0}. The
spectral resolution of A for fo(A\) = 1/(¢ — A), which is defined for all
A £ ¢, yields the desired equivalence. O
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Theorem

Let A € CN*N 4 be a closed path surrounding all A € A(A) once, f
analytic in int(+) and extending continuously to it, then

/ FO1 - A) e = 5o [ FOR(ANC  (©3)
Y
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Theorem

Let A € CN*N 4 be a closed path surrounding all A € A(A) once, f
analytic in int(+) and extending continuously to it, then

/ FO1 - A) e = 5o [ FOR(ANC  (©3)
Y

Beweis.

By multiplying both sides of R (A) by f(g)/(27ri) and integrating anng ~ we get
dy—1

1 [ » -
g_/'yf(C)(ﬂfA) CO / 2mi /\EZA%A ;) = >\(|+1 7 d¢
dy—1
AT il f(c) >
= i)
ME;A) ; <27T| (¢— )\)|+1 ¢) Ca,
(CIF) dx—1
- fOAC
RPN

B f(a).
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Power series

Definition
Let f be analytic in an open setU > 0 and let f(z) = > %, o) be the

Taylor expansion of f in O with convergence radius = € (0, oc]. Then
f(A) is defined for every A with o(A) < 7 and there holds

[ee} m
f(A) =) oA = ml@wzain. (D4)
j=0 j=0

Matrix functions Krylov subspaces Introduction  Definitions  Properties
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Power series

Definition

Let f be analytic in an open setU > 0 and let f(z) = > %, o) be the
Taylor expansion of f in O with convergence radius = € (0, oc]. Then
f(A) is defined for every A with o(A) < 7 and there holds

[ee} m
f(A) =) oA = ml@wzain. (D4)
j=0 j=0

Y20 A converges < Ve > 03n. € No : HZ{’;E oA H <e.
Assumed f has convergence radius 7 (i.e., f(z) < oo for |z| < 7).
Then szi’na Al H < 3%, oyl A, thus o(A) < A < Tisa
sufficient criteria for convergence of Zio a,—Aj (Taylor series
converge absolutely!).
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Power series

Let f(z) = exp(z). f has convergence radius 7 = oo. Thus f(A) is
defined for every A ¢ CN*N and there holds
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Some facts
Because of
fz)=aeC = f(A)=al,
fz)y=2z = f(A)=A,
f(z)=9g(z) +h(z) = f(A)=g(A)+h(A)
f(z) =g(z)h(z) = f(A)=g(A)h(A),

any rational identity in scalar functions of a complex variable will be
fulfilled by the corresponding matrix function.

Matrix functions  Krylov subspaces
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Some facts
Because of
fz)=aeC = f(A)=al,
fz)y=2z = f(A)=A,
f(z)=g(z)+h(z) = f(A)=g(A)+h(A)
f(z) =9(z)h(z) = f(A)=g(A)h(A),

any rational identity in scalar functions of a complex variable will be
fulfilled by the corresponding matrix function.

o sin?(A) + cos?(A) = I,
e exp(iA) = cos(A) +i sin(A),
e I=A)T=1+A+A2+... (for o(A) < 1).
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Krylov subspaces

Definition

Problem

Given A € CN*N_ b € CN, f defined on A.
Calculate f(A)b!
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Krylov subspaces

Definition
Problem
Given A € CN*N_ b € CN, f defined on A.
Calculate f(A)b!
Definition
The m-th Krylov (sub)space of A and b is defined by
Km(A,b) = K := spar{b,Ab,A%b,..., A" 1p}.
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Krylov subspaces

Definition

Problem

Given A € CN*N_ b € CN, f defined on A.
Calculate f(A)b!

Definition
The m-th Krylov (sub)space of A and b is defined by

Km(A,b) = K := spar{b, Ab,A%b, ..., A" b},

Lemma
There exists an index L = L(A, b) < deg(«a) such that

Ki(A,b) S Ka(Ab) G ... S KL(Ab) = KLy1(Ab) =
Moreover f(A)b € K.
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The Arnoldi process

Task: Generate an orthonormal basis of K, m < L.

Algorithm
vi:=b/|b]|
for j=2,3,....m
wj = Avj_;
Vj = wj — Z| 1 (W, Vi)Vi

Vi =Y/ |Vl
end

Output: A matrix Vi = [V1,V2,...,Vm] € CN*M. An unreduced upper
Hessenberg matrix H,, € C™*™M.
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Arnoldi decomposition

Theorem

Let m < L. There exist orthonormal vectors vy, Vs, ..., Vy, Vg1 € CN
and an unreduced upper Hessenberg matrix Hy, € C™*™, such that

AV = ViHm + b mVmsaem,

where Vi, = [V1,V2,...,Vm] and hpi1m € C. For m = L there holds

AVm = Vm Hm .
N x N N xm m X m N xm
e
A ‘/m - Vm 7 7 +

hon1,m Vi1
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Arnoldi approximation

Lemma

Letp(z) = amz™ + - -+ a1Z + ap € Py be a polynomial, 1 <m < L.
Then there holds

P(A)b = [[b][Vimp(Hm)e1 + [IbfamymVim1,

where vy = Hjm:l hj4+1;. In particular, for p € Pm_1, there holds

P(A)b = [[b][Vimp(Hm)e1.

Matrix functions  Krylov subspaces Arnoldi method First error bounds
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Arnoldi approximation

Lemma

Letp(z) = amz™ + - -+ a1Z + ap € Py be a polynomial, 1 <m < L.
Then there holds

P(A)b = [[b][Vmp(Hm)e1 + [|IbllamYmVm+1,
where vy = Hjm:l hj4+1;. In particular, for p € Pm_1, there holds

P(A)b = [[b][Vimp(Hm)e1.

Definition
We define the Arnoldi approximation from (A, b) to f(A)b as
fm == ||b||Vmf(Hm)ex.
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f(z) = exp(z), N = 500, A sparse with nz = 3106 (1.25 percent) and
(0, 1)-normal-distributed entries. b full with (0, 1)-normal-distributed entries.

10*

I, A I,
o
O‘

0 5 10 15 20 25 30
m

Execution speed: expm(A)*b = 2.2840s, f,5 =~ 0.0900s.
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Krylov subspace methods?

Why to use them?
e expm(A), logm(A), funm(A,@sin), etc. operate only on
full matrices,
¢ Arnoldi methods involve only matrix-vector-products Ab,

e speed and storage matters.
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Krylov subspace methods?

Why to use them?
e expm(A), logm(A), funm(A,@sin), etc. operate only on
full matrices,
¢ Arnoldi methods involve only matrix-vector-products Ab,

e speed and storage matters.

Why to seek for convergence estimates?
o |terative method, break condition? We only know m < L, but L?
¢ |n general, no residual available!

Matrix functions  Krylov subspaces Arnoldi method First error bounds



[29/31] wacv University of Cyprus -‘

How good are Krylov approximations?

Remember: f, = ||b||Vimf(Hm)ex.

The best approximation (for the || - |2-norm) f, to f(A)b from Ky (A, b)
is its orthogonal projection, i.e.

f = VmVmf(A)b = [[b] V[V f(A)Vm]es

which is computationally unfeasible. Another representation of f}, is

fro = DIV [V f(VLHLV )Vinler = [|b[[Vin [V VL (HU)VVi]es
1B[[Vin[lm OJf (HL)[Im O]" €1 = ||b|[Vm OJf (HL)es.
Furthermore

fm = [|b[|Vnf (VT AV )er = ||b||Vinf ([Im O]HL)es.
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How good are Krylov approximations?

Lemma

Let A be normal and Q a compact set, A(A) UA(Hm) C Q. Then

_ < i — .
5 =Tl = 2l i e — )]
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How good are Krylov approximations?

Lemma

Let A be normal and Q a compact set, A(A) UA(Hm) C Q. Then

_ < i — .
5 =Tl = 2l i e — )]

To be continued...
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